A new computational method for unloaded optical resonators is developed based on the discrete Fourier analysis of information generated by repeated iterations of the optical field corresponding to transits between reflectors. The method is a straightforward extension of the propagating beam method developed earlier for optical fibers for extracting modal properties from numerical solutions to the paraxial scalar wave equation. The method requires computation of a field correlation function, whose Fourier transform reveals the eigenmodes as resonant peaks. Analysis of the location and breadth of these peaks determines the resonator eigenvalues. When the eigenvalues are known, additional discrete Fourier transforms of the field are used to generate the mode eigenfunctions. This new method makes possible the unambiguous identification and accurate characterization of the entire spectrum of transverse resonator modes.
Introduction
Optical resonators have attracted wide attention for both their relevance to the practical design of laser cavities and their theoretical interest. A description of unloaded resonators requires the numerical solution of the eigenvalue problem'-"
where M is a complex non-Hermitian symmetric operator that describes the focusing and diffraction prop- 
Oz ax 2 gy 2 obtained with discrete Fourier transforms and appropriate aperture and phase conditions on the field at the reflectors. 8 In either case the general solution to Eq.
(1) poses a nontrivial problem to which a variety of methods have been applied.
The method of Fox and Li' requires application of the operator M to a trial vector u a large number of times. After a sufficient number the higher-order more lossy modes are suppressed, and the resultant vector consists mainly of the lowest-order mode of a given symmetry.
An additional application of M gives the corresponding eigenvalue as the ratio of normalization coefficients for the vector before and after the final application. One limitation of this method is the large number of iterations required to determine a single eigenvector when the loss discrimination among modes is weak. To generate higher-order modes by the Fox-Li method it is necessary following each application of M to remove all contributions from modes of lower order than the one sought by an orthogonalization process such as the Gram-Schmitt procedure. 11 "1 2 With increasing mode order this process becomes increasingly cumbersome and costly. Sanderson and Streifer 6 applied conventional matrix diagonalization techniques to Eq. (1) and found that approach both accurate and efficient for matrices of moderate size (50 X 50). For matrices of sufficiently large order, e.g., > 100 X 100, however, diagonalization becomes impractical, and it is necessary to consider other methods.
Siegman and Miller 7 "1 0 have employed Prony's method to determine the first few dominant eigenvalues for matrices of large order. The Prony method is designed to determine the coefficients and arguments for a time function
composed of N complex exponential functions from a sequence of 2N complex values f (nt), n = 1,2,.. ., 2N. For application to the resonator problem the sequence of 2N complex data elements is generated by forming the scalar products
where v, = Mnvo, v 0 is an input vector, and N is an assumed number of dominant modes represented in v 0 . Ideally, for fitting a function of the form (3) by Prony's method the number of exponentials present should be known in advance so as to correspond exactly with the number of data samples 2N. Otherwise some or all of the set of pi values may be spurious, depending on whether the value of N was chosen too large or too small. 7 "1 0 For resonator calculations the correct value of N is not known in advance, but it can be reasonably expected to equal either the number of dominant or large magnitude eigenvalues of M or, alternatively, the number of eigenvectors of significant amplitude in the input vector vo. In practice, a best value of N is established by trial, 7 9 and the subsequent Prony fit is tested for consistency by applying it to different data sets of length 2N. The Prony method addresses only the problem of eigenvalue determination and does not by itself give information on the corresponding eigenvectors. The determination of eigenvectors by the application of projection operators has been proposed, 9 although no numerical results have been given. It is not clear, in any case, that accurate projection operators can be constructed with the knowledge of only a few dominant eigenvalues. It is possible to generate higher-order eigenvectors by applying the Gram-Schmitt procedure in conjunction with the Fox-Li method, but, as previously remarked, the cost expands rapidly with mode order.
In this paper we describe a new method for computing both the eigenvalues and eigenvectors for optical resonator modes, based on the Fourier analysis of information generated by the iterations Mnv 0 , n = 1,2,..., N, which form the basis of the Fox 
where Z is the total propagation distance and w (z) is a window function. The propagating beam method with its accompanying Fourier analysis and least squares data fits requires more computation than Prony's method for determining a set of eigenvalues but on the other hand offers the advantage of unequivocally identifying all eigenvalues (if desired, they can be displayed graphically), thus removing any possible ambiguity in the number of dominant modes present. The computation of the spectrum function P (3) requires more values of the complex function P(z) than twice the number of modes present, but the resolution of the eigenvalues also improves in direct proportion to the number of data employed.
II. Relationship Between Optical Waveguides and Resonators
For the case of weak guidance, where I n/n I << 1, the transverse electric field in an optical waveguide is described by In this paper, however, we shall be concerned only with the paraxial equation. The second-order accurate symmetrically split operator algorithm for advancing the field through an increment Az in axial distance can be expressed formally as '3, 9 &'(x,y,z + Az) = exp !-V2 exp(ix)
where
The algorithm (8) is equivalent to a representation of the waveguide by the periodic system of lenses shown in Fig. 1 with observations of the field taken at positions halfway between the lenses. The operator exp ( V) (10) advances the field through free space an axial distance Az/2 in accordance with Eq. (1). This is accurately and efficiently computed using the finite Fourier series representation
Optical fiber field Az2 l l
Optical resonator field Fig. 1 . Both an optical fiber waveguide and an optical resonator can be viewed as periodic arrays of lenses. The field in an optical fiber is observed in planes midway between the equivalent lenses, whereas the field of an optical resonator is customarily observed in a plane passing through the equivalent lenses.
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and Lo is the length of a side of the computational grid.
The optical resonator with two identical reflectors is also equivalent to a periodic lens system. The field at the midpoint between reflectors could be'determined by a relation formally equivalent to Eq. (8), but it is customary in the theory of-unloaded resonators to monitor the field at the axial positions of the reflectors instead.' In the latter case the appropriate algorithm may be expressed formally as
where Az is taken equal to L, the distance between reflectors, and X describes the focusing and aperturing properties of the reflectors. Generalization of Eq. (13) and the subsequent development to more complicated resonators are straightforward but need not be considered for purposes of this paper.
For either the optical waveguide or the optical resonator the field can be represented in the form e'(x,y,z) = E Ajuj(xy) exp-i3',Z), (14) nj where it is understood that z is to be sampled only at the appropriate axial positions, and where UniJ(x,y) represent orthonormal mode eigerifunctions, the A' are the corresponding propagation constants, j distinguishes members of a degenerate mode group, and Anj are determined by the input field '(x,y,0). For optical resonators the propagation constants 3' are related to the complex eigenvalues Yn of Eq. (1) through
The orthogonality of the mode eigenfunctions in the resonator case follows from the fact that the operator on the right-hand side of Eq. (13) is symmetric in Cartesian coordinates. It may not be symmetric in other coordinates, but the eigenfunctions can usually be rendered orthogonal in such cases with an appropriate metric weighting factor. The case of nonsymmetric operators will be touched upon briefly in the next section.
For optical waveguides the selection of the sampling interval Az is arbitrary, so long as it is sufficiently small to achieve a desired degree of accuracy in the computed field. Once Az has been selected, however, it will determine a spatial bandwidth for the spectrum of the sampled field given by
The increment Az is normally picked so that the total bandwidth will easily encompass the spectrum of all guided modes. For optical resonators, on the other hand, Az is fixed by the positions of the reflectors, and
Eq. (16) automatically represents the bandwidth of the complete transverse mode spectrum.
If observations of the field are made over a total axial distance Z, the minimum spatial frequency that can be resolved in the sampled field's axial spectrum is
which is a measure of the accuracy with which the waveguide propagation constants or resonator eigenvalues can be determined. Actually, the accuracy of the eigenvalues determined from the locations of peaks in the computed field spectrum can be improved over that implied by Eq. (17) at least an order of magnitude using line shape fitting techniques.' 5 -' 7
Ill. Correlation Functions, Spectra, and Eigenvalue Determination
If Eq. (14) is substituted into the correlation function (18) and the orthogonality of the u, (x ,y) is made use of, the following result is obtained:
nj (19) Multiplying Eq. (19) by the Hanning window function, 20) and taking the Fourier transform with respect to z give the complex spectrum function (21) nj n where the complex weights Wn are given by Wn = Ad Anj and the line shape function is defined by
where the prime on the second summation indicates that terms corresponding to n = n are omitted. The procedure for calculating eigenvalues is the same for optical resonators as for waveguides. The correlation function (18) is computed numerically for each propagation step, the Fourier transform P(3) is evaluated from the sampled values of Pi(z), and finally the data set for Pi(o) is fit to the form (21) by a nonlinear least squares procedure 2 0 that utilizes linearization and a conjugate gradient search, yielding complex numbers
Wn and 3'n
The starting values for the nonlinear fit are determined from single-line fits to the individual resonances in whose neighborhood it is assumed 9 1 () = Wn-1 (3 -3'n)- (24) Because the first guess from Eq. (24) is reasonably accurate and the functional form (21) of the spectrum is known, the procedure converges to an accurate solution typically in two iterations.
If the solutions '(x,y,z) are generated by a nonsymmetric operator, the eigenfunctions in a representation of the form (14) are no longer orthogonal, but the correlation function (18) could nonetheless be represented as a series of exponentials like Eq. (19) but with coefficients involving nondiagonal as well as diagonal products of the coefficients An. The procedure outlined above can thus be applied to the determination of the eigenvalues of nonsymmetric operators as well.
IV. Computation of Mode Eigenfunctions
If both sides of Eq. (14) are multiplied by Z-w(z) exp(iz) and integrated from 0 to Z, the result is
(25) n j
The integration in Eq. (25) and all subsequent equations is to be interpreted as numerical using the trapezoidal rule. If o, is a particular member of the set i3x and i'n = 1'rnt+ i ', then If one chooses the initial field e'(x,y,O) so that at most one member of a degenerate mode set is excited at one time, the numerical computation of the particular mode eigenfunction un (x,y) from the complex field amplitude solution '(x,y,z) reduces to the numerical integration
For optical resonators, on the other hand, the line shape functions are broadened substantially more than their waveguide counterparts, but luckily this does not seem to affect measurably the accuracy of Eq. (28) for resonator applications.
This can be established in several ways. First, the eigenfunction calculated as 6'(x,y,0',) can be used as the input to a new propagation calculation, which generates a new spectrum function Pj(o). The latter should reveal the magnitude of the contributions of modes other than the desired un (x,y) to '(x,y,n).
Second, the eigenfunctions determined from Eq. (26) can be tested for orthogonality. Finally, the coupled set of Eqs. 
V. Computation for Resonators with Circular

Symmetry
Vector coded 2-D FFT routines available for such computers as the Cray 1 offer substantial improvement in the efficiency of 2-D computations and make it economical to calculate systems with circular symmetry on 2-D Cartesian grids.
To excite modes of particular angular symmetry one can use the input field For resonators with circular symmetry mode eigenfunctions can be expressed in the form
where v and yu are integers. Note that the complex ex- 
if the cosvO dependence of u(r,O) is assumed in Eq.
(32).
The numerical evaluation of the integral in Eq. (33) requires only a 1-D storage array, and it becomes feasible to generate a large number of eigenfunctions simultaneously with a single propagation calculation.
V. Numerical Examples
A. One-Dimensional Strip Resonator
For this example it was assumed that the reflector halfwidth a = 1 mm, the wavelength X = 1 um, and the reflector spacing L = 10 cm. The resulting Fresnel number .N = a 2 /LX is 10. The 1-D paraxial wave equation was solved on a 128-point grid extending between x = 0.2 cm. The resonator reflector was assumed to act as a hard aperture with the field set to 0 for I x 2 0.1. (Contrary to popular misconception the application of an unapodized aperture condition to the field does not create Gibbs phenomena and, in fact, describes diffraction phenomena more accurately than the assumption of an apodized aperture. 21 ) The ade- quacy of the guardband and the grid spacing for minimizing leakage and aliasing was monitored by testing the field and its Fourier transform on the grid boundaries both in configuration and spatial frequency space. An incoherent source field, whose intensity distribution is displayed in Fig. 2 , was employed to excite a complete spectrum of resonator modes of both even and odd symmetry.
In Fig. 3 the mode spectrum I p 1 (0) 12 generated from 2048 transits is plotted vs -,r in keeping with the sign conventions of Refs. 13-17. Due to the periodicity of the resonator mode spectrum the negative spatial frequency portion of Fig. 3 can be regarded as a continuation of the positive frequency portion. A total of fifteen maxima can be identified, but only thirteen were included in the analysis. The real and imaginary parts of the propagation constants and the corresponding mode phase shift and power loss per transit are given in Table I . To test these results the lowest order even and odd parity modes were generated by the Fox-Li method' using 2048 transits. The propagation constants generated by the Fox-Li and spectral methods are compared in Table II . The five significant figure agreement gives a high level of confidence in the accuracy of the spectral method and the results of Table   I .
The spectrum and propagation constant computations were repeated for 1024 and 512 transits. The results for 1024 transits were almost identical to those for 2048. For 512 transits the imaginary parts of the propagation constants for the four or five highest order modes were inaccurate, but the accuracy of the complete propagation constants for the remaining modes was preserved. As a general rule, fewer transits will be required for determining accurate eigenvalues for the lowest order modes than for the complete mode spectrum.
The two lowest order mode eigenfunctions, corresponding to n = 0 and n = 1, were generated simultaneously from the same incoherent source field and the 1-D version of Eq. (28), namely, by spectral method.
These are overlayed with the corresponding functions generated by the Fox-Li method in Fig. 4 , where the agreement is seen to be excellent. Additional mode eigenfunctions generated with Eq. (34) and a total of 1050 transits are shown in Fig. 5 . Table III, containing values of the magnitude
of the orthogonality integrals involving the first eight eigenfunctions, shows that the required condition of orthogonality is accurately satisfied. Finally, Fig. 6 shows the spectra generated by exciting the resonator with individual computed eigenfunctions. These spectra reveal the contribution of modes other than the desired one and hence are an indication of the accuracy of the generated eigenfunctions.
B. Resonator with Flat Circular Reflectors
The parameter values were chosen the same as for Sec. V.A. However, a now represents the reflector radius, and computations were carried out on a 128 X 128 square grid. Modes with angular dependence cosvO were excited for v values ranging from 0 through 7 with the first right-hand term of Eq. (31) and f (r) chosen as uniform across the resonator. The corresponding mode spectra resulting from 512 transits are displayed in Fig.   7 , and the complex propagation constants obtained by analyzing these spectra are displayed in Table IV It is apparent from Fig. 7 that the modal resonances are shifted steadily to the right with increasing values of v. Furthermore, for values of v greater than three low amplitude ghosts arise from numerical noise. These ghosts, which correspond to the two lowest order circular symmetric modes, are also included in the analysis, but since they are readily identifiable, they in no way confuse the identification of the modes of high order angular symmetry. Sample radial mode eigenfunctions f,,(r) calculated with Eq. (33) for v = 0 and v = 1 and displayed in Fig. 9 exhibit the expected number of nodes or near nodes equal to the mode index A.
VI. Summary and Conclusion
We have demonstrated a new method for analyzing unloaded optical resonators that utilizes the same information, generated by following the field through repeated transits between reflectors, used in the Fox-Li and Prony methods. The principal innovation employed in the present method is the processing of this information by discrete Fourier transforms. Advantages of the new method are that-it permits all the modes of the transverse spectrum to be identified, and it enables the computation of mode eigenfunctions as well as eigenvalues.
